Abstract-We consider a one-shot communication setting in which several single antenna transmitters communicate with a receiver with a large number of antennas, i.e., the receiver decodes transmitted information at the end of every symbol time. Motivated by the optimal noncoherent detector in a Rayleigh fading channel, we consider a noncoherent energy-based communication scheme that does not require any knowledge of instantaneous channel state information at either the transmitter or the receiver; it uses only the statistics of the channel and noise. We show that, for general channel fading statistics, the performance of the considered one-shot multiuser noncoherent scheme is the same, in a scaling law sense, as that of the optimal coherent scheme exploiting perfect channel knowledge and coding across time. Furthermore, we present a numerical evaluation of the performance of this scheme in representative fading and noise statistics.
I. INTRODUCTION

S
YSTEMS with a large number of antennas at either the transmitters or receivers enjoy promising asymptotic properties. As shown in [1] , the effects of fast fading and noise vanish and even zero forcing receiver architectures perform well in the asymptotic limit. In practice, however, many of these benefits are tied to the assumption of reasonably good channel state information (CSI) at the transmitter and the receiver. Obtaining perfect CSI, however, is often a bottleneck in systems with large antenna arrays operating either at high speeds or at high carrier frequencies.
Acquisition of CSI in cellular systems requires the use of orthogonal pilot sequences in the individual cells. In fact, in a surprising result in [1] , it was shown that the pilot contamination problem, due to the reuse of pilot sequences in adjacent cells, is the only factor limiting the rate of a cellular base station serving a fixed number of users with an asymptotically large number of antennas. With a finite but large number of antennas, the channel estimation overhead manifests itself in additional performance degradation due to incorrect CSI [2] , [3] . Moreover, in large antenna arrays, the RF chain design with perfect CSI acquisition quickly becomes prohibitive in terms of cost/energy, thereby motivating analog or hybrid antenna array designs [4] . Given the difficulty of channel state information acquisition in multiple-input multiple-output (MIMO) systems with a large number of antennas, in this work, we ask how much of the potential performance gains from a large antenna deployment can be achieved without any instantaneous CSI either at the receiver (CSIR) or at the transmitter (CSIT). We consider one-shot achievability schemes, i.e., we do not use coding across different symbol times or coherence intervals and we assume that the receiver decodes information at the end of each symbol time. We show that this one-shot noncoherent scheme achieves the same scaling behavior of achievable rates as perfectly coherent schemes when the number of receive antennas approaches infinity, even for large coherence times and large decoding blocklengths (i.e., multi-shot schemes). The reason why we can communicate reliably in this setting even without knowing the instantaneous CSI is that there is a lot of spatial diversity in a large antenna array, which, as we show later in the paper, may obviate the need for any channel state information.
In this manuscript, we consider an average-energy-based noncoherent communication system with multiple (but fixed) single antenna transmitters and a receiver with a large number of antennas. Due to the large number of receive antennas, we refer to this system as a massive single-input multipleoutput (SIMO) multiple access channel (MAC). The receiver performs only an average energy measurement and decodes based on the estimate of the average received energy at the end of each symbol time. For this scheme, we characterize the rate of decay of the achievable symbol error probability as a function of the number of the antennas at the receiver. Our analysis suggests that the proposed average energy-based communication system can achieve the same performance as a communication system with perfect CSIR in terms of the scaling law of achievable rates with an increasing number of receive antennas.
We also consider a constellation design problem for the proposed communication scheme, based on the minimum distance criterion used to establish the scaling law result. We provide numerical results which demonstrate the performance of this scheme for representative fading and noise statistics.
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Note that while our achievable scheme uses symbol-by-symbol transmission and decoding, our results on the optimal scaling laws are applicable even to multi-shot schemes. In particular, multi-shot schemes can increase the error exponents associated with the probability of error or improve the pre-log factor in the optimal achievable rates, but do not change the rate scaling. Lastly, we point out that while our analysis of achievable rates does not consider coding across time, incorporating coding does help in improving the error exponent associated with the achievable bit error rates. We also compare the performance of a joint multiuser constellation design with a single user design multiplexed in time. We observe that while a joint multiuser design can outperform time-division schemes for certain channels, it is not uniformly better. In particular, we present an example of a channel for which this is not the case. The rest of the paper is organized as follows. In Section II we present the system model and the average energy-based noncoherent detector, together with the optimal noncoherent maximum likelihood (ML) decoder. Section III summarizes related work. Then, Section IV presents an upper bound on the symbol error probability as a function of the number of receive antennas. Section V shows, using simple constellation designs, that for a general multiuser system, the performance of the energy-based decoder is the same, in a scaling law sense, as the performance of the optimal coherent detector. Section VI presents and solves a constellation design problem involving a minimum distance criterion (a more exhaustive treatment of constellation design is presented in [5] , including comparison with the minimum distance criterion described here). Section VII presents numerical evaluations of the proposed schemes, demonstrating their symbol error performance in typical scenarios with an increasing number of receive antennas. We present conclusions and future research directions in Section VIII.
A. Notation
We use [n] to denote the set {1, 2, · · · , n} where n is an integer. C refers to the set of complex numbers and C n×m is the set of all complex-valued matrices of size n × m. For a matrix H ∈ C n×m , the (i, j )-th element is denoted by H i, j . Re(·) and Im(·) represent the real and imaginary terms, respectively. E [U ] denotes the expectation of the random variable U . CN (μ, R) represents the distribution of circularly symmetric complex Gaussian (CSCG) random vectors with mean vector μ and a covariance matrix R. The symbol is used to denote a definition, (·) to indicate equality up to a constant, and . = to denote equality to the first order in the exponent, i.e., a n . = b n means that lim n→∞
II. SYSTEM MODEL
We consider m single antenna transmitters and one receiver with n antennas. The system is represented as
. We further assume that the density function f (h) is such that, for any fixed x ∈ C, the moment generating function of |y i | 2 , i.e.,
exists and is twice differentiable in an interval around θ = 0. Many fading distributions fall within this model, e.g., Rayleigh and Rician fading [6] , in which case
We assume that the instantaneous channel realization is unknown to both the transmitters and the receiver and investigate schemes for recovering transmitter data, based only on the knowledge of the statistics of the system.
As already described, we focus only on symbol-by-symbol encoding and decoding schemes for achievability. We will show that a particular noncoherent one-shot scheme suffices to achieve a scaling behavior that is optimal even under more general settings of larger coherence times and larger decoding blocklengths.
In this work, motivated by the simplicity of an averageenergy-based receiver design, we focus only on schemes which use the average energy of the received signal to reliably transfer the information; that is, the information is modulated on the energy of the transmitted symbols and the receiver estimates the energy of the received signals. A natural question that arises is how much is lost in performance by using the average-energy-based decoder. As explained in the next section, we show that, in terms of the scaling law of achievable rates, there is no loss in performance with this decoder with respect to the optimal decoder using perfect channel state information as the number of antennas grows asymptotically large. We next describe the encoding and decoding procedure.
A. Encoder
For j ∈ [m], the j th transmitter transmits symbols from the constellations
Here c i, j ∈ C j is the i th constellation point of the j th transmitter and the total size of the constellation for transmitter j is L j . The set of all possible transmitted points is denoted by
By definition, we can verify that the cardinality of C is given by |C| = m j =1 L j L. We now describe our decoders.
B. Decoders
We describe two different decoders. The first one, the average energy-based decoder, does not require phase information at any of the receiver antennas and is suboptimal for general fading statistics, in terms of minimizing the symbol error probability. The second decoder, the ML decoder, utilizes phase information at all the receiver antennas and is the optimal decoder with respect to minimizing the symbol error probability. This work analyses the performance of the former in the case of a massive SIMO MAC system. 1) Energy-Based Decoder: Based on its knowledge of the statistics of the channels and noise and of the constellations {C j } m j =1 , the decoder divides the positive real line into nonintersecting intervals or decoding regions {I x } x∈C . In order to detect the transmitted x * ∈ C, the decoder first computes
i.e., it computes the average received power across all the antennas. It then returnŝ
Then, the probability of error given that x * is transmitted is given by P e (x * ) Pr{x * =x}.
2) Noncoherent ML Decoder: While the energy-based decoder is the optimal choice for some channel statistics and has good asymptotic properties, for general statistics, it may not be optimal. The optimal detector with respect to minimizing the probability of symbol error, assuming equiprobable signaling and only the knowledge of the channel distribution at the receiver, is given by the following maximum likelihood decoder:x
where f (·) is the likelihood function of the output y given the channel and noise statistics, and the fact that x was transmitted.
It turns out that the two decoders are the same for some representative channel statistics. We summarize this observation in the following lemma. Proof: The proof is presented in Appendix B.
III. RELATED WORK
The use of noncoherent schemes in wireless systems is not new. The earliest incarnations of wireless cellular systems (from 1G systems which used differential modulation to 2G systems which used frequency shift keying [6] ) were noncoherent due to limitations in device manufacturing and less concern about spectral efficiency for voice-only systems. As manufacturing improved, demand for high data-rates grew, and spectrum became more expensive, coherent systems became prevalent due to their spectral efficiency (e.g. in almost all 3G and 4G systems). With many emerging applications, however, spectrum is no longer a bottleneck and processing complexity/power consumption are equally important, if not more important, considerations. An important and power hungry component of many high speed systems is the RF front end (the clock recovery and phase acquisition circuits), and the analog to digital converter (ADC). This is increasingly a bottleneck not only in low power applications but also in applications with larger antenna arrays [7] and higher carrier frequencies. This makes the simplicity of noncoherent designs especially attractive in such systems.
The resurgence in interest in noncoherent designs for modern communication systems led to a lot of fundamental work in different aspects of noncoherent system design in the late 1990s and early 2000s. A noncoherent communication system that uses the Generalized Likelihood Ratio Test (GLRT) is described in [8] . In this scheme, the channel and the transmitted symbols are jointly estimated at the receiver. The authors propose a minimum distance criterion for signal and code design by characterizing the performance of the GLRT decoder in the AWGN channel for the high SNR regime. They subsequently apply this to DPSK and QAM alphabets. As described in [8] , the GLRT decoder is identical to the noncoherent ML decoder in general settings (as long as the phase of the channel distribution is uniformly distributed over [0, 2π] and the signals are of equal energy). In [9] an alternate signal constellation design is proposed based on a metric motivated by a union bound on the probability of error under noncoherent ML decoding. Similar metrics, motivated by a high SNR analysis, are presented in [10] where the worstcase chordal distance is employed to space the codewords as far apart as possible.
The capacity of the noncoherent channel under a high SNR assumption has also been well studied under different settings. Fundamental insights for the high SNR capacity in a block fading channel model were derived in [11] and [12] , which also derived capacity optimal signaling distributions for the high SNR noncoherent channel. Capacity optimal high SNR input distributions with coherence times shorter than the total number of antennas have been derived in [13] . The capacity expressions in some of these works suggest in particular that small coherence times or a small rank of the channel matrix can be very detrimental. Multiuser counterparts of these ideas can be found in [14] and [15] . In particular, [14] shows that time-division strategies may be capacity achieving in noncoherent high SNR settings.
Another high SNR metric related to noncoherent fading channels is the concept of a fading number [16] , [17] . This is the gap between the high SNR asymptote of log(log(SNR)) and the noncoherent channel capacity. As discussed further in [16] and [17] , the fading number can be computed under very general assumptions on the fading statistics of a singleinput single-output (SISO) channel and bounded for general MIMO channels.
There is also a line of work on characterizing the achievable rates in block fading channels (possibly taking into account the channel estimation overhead) in the regime of finite SNR and coherence times. In [18] , the channel capacity for a singleuser MIMO channel is studied under different assumptions on the channel state information at the receiver. In particular, under Gaussian assumptions on the channel matrix, it is shown that the noncoherent capacity scales with the number of receivers as the logarithm of the number of receiver antennas. The use of energy detection in the context of large antenna arrays appears in [19] where the authors propose transmission and detection schemes based on Gaussian approximations of the average energy statistic in the limit of a large number of antennas.
There is also prior work focused on the impact of imperfect channel estimation and channel coherence time in coherent systems. Specifically, in [20] , the authors consider the effect of pilot-based channel estimation on achievable rates and identify the capacity loss due to imperfect channel estimation as being proportional to the square root of the Doppler of the channel. In [21] the authors determine the mutual information for Gaussian codebooks on block fading channels for general SNR, coherence time and number of transmit/receive antennas. In that work, however, it is not immediately clear how the achievable rates scale with the number of antennas. Moreover, while Gaussian codebooks are capacity-achieving under general conditions for additive Gaussian noise channels, under multiplicative noise they may no longer be optimal. For example, [22] and [23] show that the capacity-achieving distribution for a SISO channel with Rayleigh and Rician fading and a coherence time of 1 is achieved by a discrete input distribution. While the structure of the capacity-achieving distribution for a general noncoherent SIMO channel with a coherence time greater than one is not known to the best of our knowledge, our analysis in this paper is applicable to characterizing the achievable rates for general discrete input distributions in SIMO channels with a large number of receiver antennas.
Our work differs from the prior work described above in that we consider a finite transmit power and an asymptotic analysis in the number of receiver antennas. To the best of our knowledge, we are the first to consider an average-energy-based noncoherent massive MIMO system with an asymptotically large number of antennas, which we first proposed in [24] .
IV. ERROR PROBABILITY UPPER BOUNDS AND THE RATE FUNCTION
In this section we analyse the performance of the proposed energy detector in the massive SIMO MAC. From our system model, we have
Thus, in the asymptotic regime of large n, the received energy statistic converges almost surely to a deterministic quantity depending on the statistics of the channel and the constellation points transmitted. For a finite n the value may deviate from this limiting value by a noise term. To characterize the noise appearing in the system, we use the following lemma [25] : 
where I (a) = sup θ>0 θ a − log(E[e θU ]) . For completeness, a short proof of this fact is presented in Appendix A. We use Lemma 2 to characterize the deviation of y 2 /n from its limiting value r (x), where
is the expectation of the received energy statistic y 2 /n. To do so, choose u i in Lemma 2 to be
thereby making u i a zero mean random variable. Note that u i depends on c and the statistics of H i, j and ν i . With this definition, the following holds
Using Lemma 2, we get that
where
Similarly, by invoking the same lemma for the random variable −u i , we get the following
Combining the above two results and using a union bound, we get that
is defined as the rate function of the (possibly multiuser) constellation point x. Observe that I x (a) is the error exponent associated with P e (x), i.e.,
when the transmitters send x, and the receiver uses a decoding
. We now show how these results may be used to design good constellations for infinite and/or finite n systems. Before that, we collect some observations about I x (a) in the following lemma, which have been proved in Appendix C. 
4) The rate function for any zero mean U with a twice differentiable moment generating function around 0 satisfies
The third point implies that in the limiting case of low SNR, the rate function I x (a) does not depend on the transmitted point x. Recall that the rate function depends on σ 2 through the random variable u i defined in (5) . Moreover, for a small a, the rate function is quadratic with a weight determined by the second order statistics of u i defined earlier.
V. ASYMPTOTIC THROUGHPUT CHARACTERIZATION
In this section, we compare the achievable throughput of our energy based decoding scheme with a coherent scheme as a function of the number of receiver antennas. We first define the symmetric ergodic capacity
of the coherent channel where σ i (H ) is the i th largest singular value of H and σ i+1 ≥ σ i ≥ 0 for all i in [m]. In the limit of large n, it can be shown that 0 < ξ 1 ≤ σ 2 i n ≤ ξ 2 , almost surely for all i in [m] and for some ξ 1 , ξ 2 > 0 independent of n. This gives us that C = (log n) for coherent systems. The following lemma shows that this same scaling behavior can be achieved by our noncoherent scheme.
Lemma 4: There is an m-user constellation with bounded average power per user which achieves a rate ofK log 2 n bits per transmission per transmitting user for someK > 0, with vanishing probability of error with an increasing number of receiver antennas n.
Proof: We show this through explicitly constructing a constellation which has the above scaling behavior. We fix M to be an integer and choose the following constellations:
. Note that the energy in each constellation point of C j is bounded above by 2. Note also that this constellation satisfies the average power constraint (2) on all users, the j th user uses the constellation C j and that each transmitter experiences a rate log 2 (M). Using these constellations, we note that
where we use that fact that
Choosing M = nK for someK > 0, we get that each user achieves a rate of log M =K log n. We now proceed to bound the probability of error. For a small a, we note that using Lemma 3, we have
It follows that (8) represents a lower bound on the worst case error exponent across all constellation points. We now note that E[U 2 ] is finite since it may only depend on the channel and noise statistics through the first four moments (which are bounded due to the existence of moment generating functions) and through the first four powers of the transmitted symbols. Moreover, since |c i, j | 2 ≤ 2 for all i, j , E[U 2 ] can be bounded above by a constant depending only on m and independent of n. It may also be shown that in the limit of low SNR,
is the same regardless of the transmitted constellation points. Thus a sufficient criterion to get a vanishing error probability while achieving aK log(n) rate is to guarantee a high minimum distance between r (c 1 ) and r (c 2 ) for c 1 , c 2 ∈ C, c 1 = c 2 . By the small a characterization of the rate function in Lemma 2, we can choose decision regions for which the symbol error rate P e satisfies
where t is a constant independent of n. By choosingK sufficiently small, i.e.K < 1 2m , we see that the error rate vanishes as n → ∞. This establishes Lemma 4.
We now mention an outcome of Lemma 4 which is also the main theorem of our paper.
Theorem 1: For any fading distribution independent across receiver antenna elements, one-shot energy-detection-based noncoherent communications achieve the same scaling behavior of achievable rates in a massive SIMO system as perfectly coherent systems ( (log n)) in the limit of a large number of receiver antennas.
Proof: The proof follows directly from Lemma 4 and the observation that the one-shot scheme used to establish Lemma 4 is a special case of more general noncoherent schemes over larger coherence times and decoding blocklengths.
Note that the proof of Lemma 4 above uses a sufficient condition to guarantee a vanishing probability of error while at the same time giving aK log(n) scaling of achievable rates. This condition involves focusing on just the minimum distance between (possibly multiuser) constellation points at the receiver. We explore different aspects of this constellation design in the following two sections.
VI. MINIMUM DISTANCE CONSTELLATION DESIGN
We first consider single user constellation designs and then present how multiuser designs are different.
A. Design Problem for Single User
We have the following optimization problem
where r (x) evaluates to r (x) = |x| 2 + σ 2 . The solution to this is given by
where L 1 = L. Note that the phase of the particular constellation points we choose does not matter, since we use an average energy decoder and the noise is complex Gaussian with uniform phase. So we choose the phase to be zero, i.e., c i,1 ∈ R + . An achievable scheme follows by setting the decision regions
with a = 1 L−1 , which leads to the following upper bound on the probability of symbol error
where 
Numerical evaluation of the symbol error rates achieved using this scheme is presented in Section VII.
B. Design Problem for 2 Users
Similar to the one user case, to guarantee vanishing error probability as n increases, we treat the constellation design as a joint codebook design problem and we maximize the minimum distance between the received constellation points as
This, in general, is a non-convex problem due to the absolute value in the objective function. In order to simplify the problem, one can consider a total ordering on the received constellation points {r (x)} x∈C . With the total ordering constraint, (12) becomes efficiently solvable in some special cases. Depending on the channel statistics, the problem can be either a linear program, convex quadratic program or a non convex quadratic program. The details are presented in Appendix D. The performance obtained from these schemes is presented in Section VII.
C. Joint Multiuser Codebook Design Versus Single User Design With Time-Division
A natural way to extend the single user designs to multiple users is to employ a time-division strategy and use the single user codes for each user in a round robin fashion. In this section, we investigate how this time-division strategy compares with a joint multiuser codebook design.
1) Rayleigh Fading:
We show that the suggested averageenergy-based system cannot achieve a higher rate function (or error exponent) than that of the corresponding single user designs when used in a time-division fashion. Specifically, we show in Appendix F that the joint codebook design always yields a smaller error exponent compared to a time-division strategy when the channels experience symmetric Rayleigh fading.
2) AWGN Channel and Rician Fading:
In this section we show that if the multiuser channels have non-zero correlation (e.g. both of them are Rician channels with the same non zero K factor), then a joint multiuser codebook design can outperform a time-division strategy. The main intuition behind why this is the case is that the possible energy levels of the received signal for joint multiuser transmissions in such a case are more "separated" (and hence more distinguishable) due to the constructive interference of transmissions from different users at the receiver.
Consider 2 users with the same AWGN channel 1 with noise variance σ 2 . In time-division, each user transmits in a round robin fashion for one slot from a constellation of size L 2 . In the suggested multiuser design, both users transmit concurrently for two slots using a joint constellation of size L, such that the average transmit power across two consecutive slots at each user is the same. In the time-division scheme, the best single user constellation for low SNR is given by (10) , that is
with decision regions
, ∀x ∈ C tdma . The above constellation satisfies the average power constraint and, in the limit of low SNR (i.e. high σ 2 ), it leads to the best rate function for the time-division scheme, which is
In the above, I 0 (·) is the rate function associated with the transmission of the zero symbol. Observe that, as the SNR becomes infinitesimally small, the best rate function is independent of the transmitted symbol (Lemma 3).
For the joint multiuser codebook design, consider the following constellations:
for any 0 ≤ < 2/15. The above constellations satisfy the average power constraint for each user across two slots, assuming the users interchange the constellations, i.e., user 1 transmits from C 1 during 1 transmission slot, and from C 2 during the second time slot; user 2 transmits C 2 when user 1 transmits from C 1 and from C 1 otherwise. Since 1 2
and the transmitters employ equiprobable signalling, each user transmits on average signals of power 1. In the limit of infinite receive antennas, the received constellation points are
and the decision regions are such that the boundary points are located in the midpoint between consecutive received constellation points. It is easy to verify that for 0 ≤ < 2/15, the above constellation and decision regions lead to a minimum distance between received points which is always more than 
where˜ > 0. Based on Lemma 3 and equations (15) and (17) it follows that the joint multiuser codebook design can achieve a higher rate function than the single user design. Intuitively, the reason behind this is the fact that the multiuser design can make use of the constructive interference between the channels of the two transmitters. In situations where this constructive interference is small (or absent altogether), the gains are small or even nonexistent (e.g., same or symmetric Rayleigh fading for all users). Numerical examples of this are presented in Subsection VII-C.
VII. NUMERICAL RESULTS
We now present different aspects of the proposed communication system design through numerical simulations. Subsection VII-A demonstrates the single user performance for the constellation design of Subsection VI-A for Rician fading with different values of the K -factor. The corresponding results for two users are presented in Subsection VII-B, in which case we use the constellations generated as explained in Subsection VI-B. Comparison of the joint multiuser codebook design for two users with the corresponding time-division scheme is presented in Subsection VII-C. Subsection VII-D compares the energy-based detector with the noncoherent ML detector for both Rayleigh and Rician fading. Finally, Subsection VII-E demonstrates through an example that time coding across multiple channel realizations could provide additional gains over the one-shot system.
A. Single User Performance
We plot the numerical estimate of the symbol error rate (SER, obtained through Monte Carlo simulations) with the corresponding analytical bound U L for the case of a single user with an increasing number of receive antennas and a constellation with equidistant power levels for a Rician fading channel with K -factor K = 0 (Fig. 1) and K = 10 (Fig. 2) . We consider additive white Gaussian noise with variance σ 2 = {0.1, 1}, and 2−bit (L = 4) and 3−bit (L = 8) constellations. We observe that, as the LOS factor increases, the performance of the system improves significantly. Furthermore, we see that for the current constellation design, even if it is asymptotically the best as σ 2 increases, an impractically large number of receive antennas is needed in order to get a reasonable performance for values of σ 2 of practical interest. In [26] , we demonstrate that by optimizing the constellations, it is possible to get good performance with a number of antennas that is commensurate with today's commercial offerings of large antenna systems.
B. Two Users Performance
We now consider two users, whose constellation is designed as described in Subsection VI-B for the same channels as above, i.e., Rician fading with K = 0 (Fig. 3) , K = 10 ( Fig. 4) and σ 2 ∈ {0.1, 1}, for a 1−bit and 2−bit constellation per user with the same average power per user as before. Observe that the SER for L = 1, i.e., On-Off Keying, is significantly better than that for L = 2 as the number of antennas increase. Furthermore, the gap between the upper bound and the numerical estimate on the probability of symbol error appears to be constant, which is a good indication that the former serves well as a good approximation of the latter, at least in Rician fading channels. 
C. Joint Multiuser Codebook Versus Time-Division Scheme
In this scenario, we numerically compare the joint two-user codebook designs of Subsection VI-B, with the case of time-division between the two users when average power does not exceed one. We assume that, for the joint multiuser codebook, the average transmitted power per user over two consecutive slots does not exceed one and that each user 2−user design vs. time-division coding for Rician fading with K = 100 and σ 2 = 1 at a rate of 1 bit per user. The 2−user multiuser scheme achieves better performance compared to the TDM single user design.
transmits one bit per symbol. The numerical results are for Rician fading (Fig. 5) with K = 100 and σ 2 = 1. 2 Observe that the joint multiuser design achieves better performance compared to the design with time-division across the users.
D. Comparison With the Noncoherent ML Detector
As shown in Appendix B, using the noncoherent ML detector (described in Section II-B.2; this, in general, requires using phase information in addition to energy measurements) does not improve performance if the channel and noise statistics are zero-mean Gaussian. In most other cases, phase detectors give significant performance improvements. We present numerical results for the case of a single user using the optimal ML decoder and compare it with the average-energy-based decoder with equidistant constellation points. We consider a low SNR (σ 2 = 1), and Rician fading with both low (K = 0.1) and high (K = 100) K -factors (Fig. 6) . Recall that having equidistant constellation points is optimal for the average energy-based decoder for low SNR. Fig. 6 . Performance comparison of the noncoherent ML and energy-based decoders for a 2−bit constellation in a Rician fading scenario with low SNR (σ 2 = 1) and low (K = 0.1) and high (K = 100) K -factor. Observe that at a low K -factor, the difference between the ML and the energy-based detector is negligible.
E. Coding
In this section, we consider the case of a single transmitter which uses codewords that span multiple (denoted as T for some T > 1) symbol durations. We also assume that the channel changes between the symbols. We show through an explicit example that it is possible to get a strictly better error exponent for the same average rate by transmitting and jointly decoding codewords over T = 3 symbols even though the asymptotic scaling law is the same for both cases with an increasing number of receive antennas. Specifically, consider a receiver with n antennas which measures the energies of three consecutive symbols, i.e.,
where y (l) ∈ C n×1 is the received signal at the l−slot such that
with H (l) ∈ C n×1 and p l is the transmitted power, such that { p 1 , p 2 , p 3 } comes from some codebook C (3) . Consider the case of σ 2 1, i.e., the noise power is much greater than the average signal power P = 1. In this case, using Lemma 3 it follows that the error exponent of each constellation is approximately independent of the transmitted power, i.e., the rate function would depend only on the minimum distance between the neighboring constellation points, which are now points in the R T space, and thus a minimumdistance-based constellation design would be asymptotically optimal. For no space time coding where the user transmits one bit of information, d min = 2, since the constellation points  ( p 1 , p 2 , p 3 ) can take only 2 N = 8 possible values, i.e., C = {0, 0, 0}, {0, 0, 2}, {0, 2, 0}, {2, 0, 0}, {0, 2, 2}, {2, 0, 2}, {2, 2, 0}, {2, 2, 2} , for which, the minimum Euclidean distance is d min = 2. Using a different code, however, one can achieve a minimum distance of d min = 2.18 with the same average power. This constellation is as follows. where α = 2.18. Thus, for σ 1, coding helps to increase the Euclidean distance between constellation points and increase the rate function. Note that the latter may not be the best performance that can be achieved with a block code of length three and may be improved upon further by searching more exhaustively over constellation points. The empirical SER performances of the above codes are shown in Fig. 7 .
In [27] preliminary results are presented which demonstrate in more detail such gains by constructing either a specific codebook or applying random coding bounds.
VIII. CONCLUSIONS AND FUTURE WORK
We consider a noncoherent average-energy-based communication scheme for the massive SIMO MAC. Using a one-shot transmission and decoding scheme, we characterize the symbol error rate performance of the proposed system for general fading and noise statistics. Our analysis shows that in terms of the scaling law of achievable rates with an increasing number of receive antennas, the performance of this scheme comes arbitrarily close to that of a coherent system exploiting instantaneous channel state information and coding over large coherence times and blocklengths. Moreover, we present a simple constellation design scheme based on maximizing the minimum distance -an analytically-tractable sufficient condition to guarantee vanishing probability of error with an increasing number of antennas.
The achievable schemes presented in this work suggest that the spatial diversity already present in a multiple antenna system can not only help us design simple systems, but can also help us achieve close to optimal performance. In particular, we show that this holds even for a symbol-bysymbol communication system. However, in general, taking into account multiple time slots, finite SNR, or detectors beyond average energy detectors will help the noncoherent performance. A comprehensive theory analyzing when to use noncoherent communication over coherent communication is the ultimate goal of this line of research. While coherent communication underlies many modern communication system designs, the increased overhead/difficulty of channel state acquisition together with the increased spatial diversity in future systems may make noncoherent communication a competitive paradigm in the not-too-distant future.
APPENDIX A
In this appendix, we outline a proof for the large deviation bounds stated in Lemma 2. By an application of the Markov inequality, we have that
. We now establish that, for all > 0,
for n large enough. Consider the θ * such that I (a) = θ * a − log E e θ * U . We can then define a change of measure
where μ(u) is the original measure (e.g., induced by the definition (5)). Under this change of measure, note that udμ (u) = a (this follows from the sufficient condition for optimality of θ * ). Thus if μ n (and μ n ) represents the distribution of n i=1 u i n under μ (and μ respectively), then we have that
where A = {x | x ≥ a}. A lower bound on μ n (A) can then be had by considering, for some δ > 0, A δ = {x | a ≤ x ≤ a +δ}. We get that
Noting that by the CLT, μ n (A δ ) → 1 2 as n → ∞, we get that
By choosing a δ small enough we get that
for n large enough.
APPENDIX B
In this appendix, we show how the ML decoder mentioned in Subsection II-B2 reduces to the energy-based decoder in Subsection II-B1 under the stated assumptions on the Gaussian statistics of the channel. We first note that given a point x ∈ C m , the output of the channel is distributed as
and has a density function of
Thus the log-likelihood function L(x) for zero mean Gaussian channel and noise is as follows:
for appropriate functions w 1 (x) and w 2 (x). Thus the noncoherent ML decoder corresponds to specifying decision regions for the sufficient statistic y 2 ; which is precisely the average energy-based decoder.
APPENDIX C
In this appendix, we prove the properties of the rate function mentioned in Lemma 3. We first show monotonicity and positivity for all a > 0.
Monotonicity with a
We note that for a 1 > a 2 ,
.
Note also that for all a > 0, I x (a) ≥ I x (0) = 0. Thus strict monotonicity and positivity of I x (a) for a ≥ 0 is established.
Monotonicity with x for x ∈ C
For x 1 , x 2 ∈ C such that |x 1 | 2 > |x 2 | 2 , we show that E e θU is larger for x 1 than for x 2 . This establishes the monotonicity claimed in the theorem.
We start by writing out U in terms of x, as was done in (5), and simplifying for m = 1:
We condition on the distribution of H i,1 and observe that
for k 1 1−2θσ 2 > 1 . We now observe that for any random variable y, with E [y] > 0, E e |x| 2 y = E e |x| 2 y + + E e −|x| 2 y − − 1 is an increasing function of |x| 2 , where y + = max(y, 0), y − = max(0, −y). This may be seen by computing the derivative with respect to |x| 2 and observing that the derivative is positive, i.e.,
Using this together with the fact that y = k|H i,1 | 2 − 1, we get our result.
Low a Asymptotics of I x (a)
We first observe that I x (a) is a strictly convex function. This follows from the fact that supremum (over θ ) of convex functions g(θ ) = θ a −log E e θU is strictly convex in a and that I x (a) is strictly monotonic. Moreover, by the existence of E e θU , note that g(θ ) is differentiable, at least where E[e θU ] exists, and is finite. By differentiating, we write down a necessary condition for the θ * which maximizes g(θ ).
We now characterize the dependence of θ * on a. By taking partial derivatives with respect to a on both sides we get that
We now note that at a = 0, θ * = 0, and that the denominator in the right hand side of (21) is a finite constant and positive. This suggests that as a → 0, θ * a = s, for some constant s > 0. We can find out the constant s by noting that
From this we observe that
Low SNR Behavior of the Rate Function
We start from the definition of the rate function 
The latter can be thought of as a rate functionĨ c for the random variableŨ = U/σ 2 evaluated at a/σ 2 . By using the results of the previous subsection, we observe that
This establishes the claim that for a large enough σ 2 , i.e., in the low SNR regime, the rate functions are identical, i.e. independent of c.
APPENDIX D
In this appendix, we show how the optimization problem (12) for 2 users can be solved efficiently for certain channel statistics by suitably restricting the search space of possible constellation points in C. To be specific, without loss of generality, assume that all constellation points c i, j are positive reals and that
that is, there exists a partial ordering of the transmit power levels of each user. This leads to
Coming up with a total ordering of {r (x)} x∈C such that it is consistent with (23), would lead to the best solution of (12) which satisfies the chosen ordering. Let's reparametrize (12) as follows:
By expanding the partial order to a total ordering we formulate the following (possibly non convex) quadratic problem, where the total ordering information is used in the first constraint.
maximize
1) Special Cases: No LOS, Only LOS:
In the case of zero LOS in any channel, i.e., μ 1 = 0 or μ 2 = 0, (25) becomes the following linear program
In the case of only LOS in both channels, i.e., μ 1 = μ 2 = 1, (25) reduces to the convex quadratic program
i, j ≤ 1, and p i, j ≥ 0, ∀i, j ∈ [2] . (28) Therefore, in these special cases a way to approach the problem is to enumerate all possible total orderings that agree with the initial partial ordering (23) (referred to as linear extensions [28] ) and keep the solution that gives the largest objective function. However, since the problem of generating the set of linear extensions is a NP-hard problem, we were able to identify the optimal total ordering only for small constellation sizes. For instance, consider the case of μ 1 = μ 2 = 0 and L 1 = 3, L 2 = 4. After enumerating all possible total orderings that agree with (23), two total orderings which lead to the best value for the objective function of (26) are depicted in Fig. 8 . Optimal orderings have been identified through exhaustive search for all L 1 ≤ 4, L 2 ≤ 4. Fig. 9 depicts the minimum distance achieved for the total orderings depicted in Fig. 8 , where we compare it with an upper bound on the minimum distance,d min = 4 L 1 L 2 −1 , obtained by considering a single super-user with L 1 L 2 constellation points and the same total power constraint.
2) General Case: In the general case, imposing a total ordering does not convexify the problem. Yet, it is still possible to solve the non convex quadratic program (25) with a starting point that results from the no LOS or only LOS solution to find a local maximum. This approach has been used in the numerical results in Section VII.
APPENDIX E
In this appendix, we show how to solve an instance of the design problem outlined in Subsection VII-D for the case of Rician statistics. We show in particular that collecting phase information of the received signals can play a major role in improving the SER performance or bringing down the number of antennas required to achieved a certain SER. The critical observation is the fact that for Rayleigh fading and AWGN channels, y 2 is a sufficient statistic for decoding x from y. For general statistics with equiprobable signalling, a likelihood detector will outperform this detector. This likelihood detector 
APPENDIX F
In this appendix, we show how a time-division scheme will always outperform a joint multiuser codebook design for symmetric Rayleigh fading, i.e. Rayleigh fading with the same average power for all users. We consider the following two design problems:
• A joint multiuser codebook design with a symmetric rate of log 2 (L) m per user.
• A single user constellation design with a rate of log 2 (L). The idea is that the single user constellation can be used in a TDMA scheme over m time slots, and we investigate whether it is advantageous to perform a joint multiuser design. As described in (9), the single user design problem is
The joint multiuser design problem (similar to the problem (12) ) is
Note that the design is overC which is a collection of L m−dimensional constellation points. For any feasibleC, we can define a C = { x |x ∈C}. We observe that for such a constellation, x∈C |x| 2 ≤ 1.
Thus the set of feasible r (x) in the multiuser design problem is a subset of the achievable r (x) for the single user case. Thus the objective attainable using a single user design with TDMA can be no worse than a joint multiuser design with the same constraints. In other words, in Rayleigh fading with symmetric average power, for the same average rate, the time-division scheme will always have an error exponent which is at least the same as that of the joint multiuser design. Intuitively, this is due to the fact that, from an error exponent point of view, the joint design problem is more "constrained" than the single user design problem for symmetric Rayleigh fading channels.
